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Abstract: The purpose of this research article is to introduce a new iteration scheme and
prove convergence and stability results for it. We also claim the newly introduced iterative
scheme converges faster than some of the existing iterations in the literature. Our claim is
supported by numerical example.
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1. Introduction and Preliminaries

The theory of fixed points has become an interdisciplinary area of research as it has
applications in mathematics, economics, game theory etc. In general, the solution of fixed
point problem is almost impossible therefore need of iterative solution arises. Developing
a faster and simpler iterative scheme to obtain the fixed point is an interesting and active
area of research. Over the years different iterative schemes for finding the solution of fixed
point problems for different operators have been developed by the researchers, for

example, see([5,6, 8-10, 16-19])).
In 2017, Ullah and Arshad [15] introduced the M*-iteration scheme by the method

Zn = (1 - ﬁn) Xn + ﬁnTxn
VY = T((l —a,) Tx, + anTzn)) (1.1)
Xn+1 = Tyn

where {a,},{Bn} sequences such that a,,, 8, € (0,1).

:
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Authors in [15], claimed that their iteration scheme is faster than existing iteration

schemes in the literature such that Picard, Mann, Ishikawa, Noor, Agarwal et al. and
Abbas at at.

Hussain et al. in [7], defined a new iteration scheme and named it as ‘K-iteration scheme’.
They proved convergence result for this iterative scheme by considering the class of
Suzuki generalized non expansive mapping in uniformly convex banach space.

Zp = (1= Bp)xpn + BpTxy,

Yo =T((1 - a)Tx, + @, Tz, (1.2)
Xne1 = Tyn,

Again in 2018 Ullah and Arshad [17] introduced the K*-iteration scheme by the method

Zn = (1 - lgn) Xn + IBnTxn
Vo =T((1 — ay) 2, + @,Tz,)) (1.3)
Xn+1 = Tyn

foralln € N, where {a,},{B,} sequences such that a,, 5, € (0, 1).

Authors in [17] claimed that their iteration scheme if faster than the iterative process

defined by [1], [2], [7-10].
Again in 2018 Ullah and Arshad [16] introduced the M-iteration scheme by the method

z, = (1 —ay)x, + a,Tx,
Yn = Tz, (1.4)
Xn+1 = Tyn

foralln € N, where {a,} is a sequences such that a,, € (0,1). Authors claimed that this
iterative scheme is even faster than the iterative schemes like Picard, Mann, Ishikawa,

Noor, Abbas et al. and some other existing iteration in the literature.
In this direction Bhutia and Tiwari [5] defined the J-Iteration scheme as follows:

For some initial approximation x, we have
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Zn = T((l - ﬁn)xn + ﬁnTxn)r
Vo = T((1 — ap)z, + a,Tzy), (L.5)
Xn+1 = Tyn'

Bhutia and Tiwari [5] with suitable numerical examples claimed that their iteration scheme
has better rate of convergence then some of the existing iteration schemes like
K-iteration, K*-iteration, M-iteration and M*-iteration scheme. Now we introduce a new

iteration scheme with the relation:

For some initial approximation x, we have

Zn = T((l - :Bn)xn + IBnTxn)'
In = T((l - an)zn + anTZn)' (1.6)
Xn+1 = T((l - yn)TZn + YnTYn)

We claim that our newly defined iterative scheme converges faster than the iterative

scheme defined by Bhutia and Tiwari [5].

Definition 1.1 [6]:-Let {z, };,—, be the sequence in X. Then the iterative process
Xn+1 = f (T, x,,) which converges to a fixed point q of T is said to be stable with respect

to T if for t, =l z,41 — f(T,2z,) IL,n=0,1,2,.., we have limt, = 0 if and only if

n—oo

limz, = q.

n—»oo

Definition 1.2[4]: Let H be a non-empty subset of a Banach space X and T: X — X be a
mapping. T is called a contraction mapping if there exists a real number k < 1such that for

all x,y € X we have d(Tx,Ty) < kd(x,y).

Definition 1.3 [15]: An operator T: K — K is said to satisfy the condition (c), if for all
x,y €K, we have %d(x, Tx) < d(x,y) implies d(Tx,Ty) < d(x,y). Any mapping

satisfies condition (c) is also known as Suzuki generalized non-expansive mapping.

Proposition1.4 [15]: Let H be a non-empty subset of a Banach space X and T: X — X be
a mapping. Then

’
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1. If T is non-expansive, then T is Suzuki generalized non-expansive mapping.
2. If T is Suzuki generalized non-expansive mapping and has a fixed point, then T is

a quasi-non expansive mapping.

Lemma 1.5[14]: Let H be a non-empty subset of a Banach space X and T: X — X be a

Suzuki generalized non expansive mapping. Then for all x,y € X, we have
I Tx—Ty IS3ITx—xll+llx—yl (1.7)

Lemma 1.6 [13]: Suppose X is a uniformly convex Banach space and {s,} be any
sequence of real numbers such that 0 <s, <1 for alln > 1. Let {a,} and {b,} be any

two sequences of real numbers in X such that limsup |l a,, [I< r, limsup || b, I< r and

n—co n—->oo

limsup || s,a, + (1 —s,)b, =1 holds for some non-negative constant r. Then lim ||

n—-oo n—oo

a, — b, II=0.

Remark 1.7[14]:Let H be a non-empty subset of a Banach space X and let {x,} n—,be a

bounded sequence in X. For x € X, we set r(x,{x,}) = limsup Il x, — x ll. The

n—->oo
asymptotic radius of {x,} relative to H is given by r(H, {x,}) = inf {r(x,{x,}): x € H}

and the asymptotic center of {x,} relative to H is the set

A(H, {x,}) = {x € H:r(x,{x,,}) = v(H,{x, )}
2. Main Results

Theorem 2.1: Let H be a non-empty subset of a Banach space X and T: X — X be a
contraction mapping. Let {x,} n—,be the sequence of defined by the iterative scheme
(1.6) with real sequences {&,} meo> {Bn} n=o, {Vn} meo in [0, 1] satisfying Ymro ¥ = 0.

Then the sequence {x,} oo converges strongly to unique fixed point of T

Proof: Since T is a contraction mapping so by Banach contraction principle it has a unique
fixed point. Let g be the unique fixed point of T. Now by the iteration scheme (1.6) we

have,

*
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|z, —q =1 T((1 = Bp)xn + BnTxy) —qll
S k(A= Bn)xn + BuTxn —q
S KA =B N xn —q I+ BpTxn —q ll]
S k[ =B M xn —q Il +8pk Nl Brxy - q ]
<k[1-B.(1-K)]lx, —ql
By the hypothesis of theorem, we have 1 — 8,(1 — k) < 1 so we can write
lz,—qll<kllx, —ql (2.1)
And
Iyn —q =1 T((1 - an)zy, + anTz,) —q |
<kl (—-ayz, +ayTz, —ql
<kl[Q-—a)) llz, —qll +a, | Tz, —q ll]
<k[A—-ay) lzy —qll +azk Il z, — g ]
<k[l-a,(1-K)]llz,—ql
Again, by the hypothesis of theorem we have 1 — a,,(1 — k) < 1 and using (2.1) we have
ly,—qli<kllz,—ql
< k*lx, —qll (2.2)
And by using (1.6) and (2.1) and (2.2) we have
| X1 —q =0 T((A =¥ )Tz + ¥ Tyn) —q i
kN =y)Tzy + ¥aTyn —ql

Sk[(l—]/n) N Tz, —q Il +yn I Ty, —q 1]
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<k[(A—v )kl zy—ql +vak Iy, —qll]
< k[A—y)k? N x, —q Il +¥uk3 I x, —q Il ]
<k[1-y,1-K)] lx, —ql (2.3)
By repeating the above arguments, we have
Iy — g < k*[1 =y (1= K]l xpq —q |
I xn-1—q ISk [1=yp2(1 =] 242 —q |
I, —q ISk [1-yo(1=K)] llxg—qll

Combining all the above inequalities we have

n
Il Xpsr —q IS K3+ | xo —q | 1_[ 1-yi(1-k)
i=0

Now k <1sol—k>0andy; <1 for alln €N, hence we have 1 —y;(1 — k) < 1.
We know that 1 — x < e~ forall x € [0, 1]. So we have

I X1 — g IS 30D | xg — g || e~ AR ZE0vi 2.4)
Taking limit n — oo both sides we have

lim || x,, — q lI= 0. This completes the proof.
n—-oco

Theorem 2.2: Let H be a non-empty subset of a Banach space X and T: X — X be a
contraction mapping. Let {x,} n—obe the sequence of defined by the iterative scheme
(1.6) with real sequences {&,} meo> {Bn} n=o, {Vn} meo in [0, 1] satisfying Yoo ¥ = 0.

Then the sequence {x,} n—o is T- stable.
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Proof: Let {x,},-obe any sequence in H and let the sequence generated by (1.6) be
ths1 = f(T,x,) and let it converges to the unique fixed point q of T. Suppose

6n = tys1 — f(T,t,) II. Now we will prove that nli_)rg&,l = 0 if and only if nlirgtn =q.
First suppose that nlg?o t, = q. Then we have
8p =l tnsr — f(T, ) I

Shtpa—ql+ 1 (T, t) —qll

St =g I +£°[1 =1 (1=K)] Ity —q

Taking limit n — oo both sides of the above inequality we have limé, = 0.
n—->oo

Conversely suppose that lim §,, = 0. Now we have
n—>o0o

lthsr —q <N tpyr —fF(T, ) N+ f(T, t,) —qll
< S+ I F(T,t)—qlll

Using theorem (2.1) we can write

lthy1 —qll<8, + [1—y,(1=K)] IIt, —ql

Now 0<k<1and y; <1 for all n€ N and lim §,, = 0. Then from the above

n—-oo

inequality and lemma (1.6) we have, lim || t,, — q Il = 0. Hence the sequence {x,,} =, 1S
n—oo

T-stable.

Now we establish some fixed point results related to Suzuki generalized non-

expansive mapping.

Lemma 2.3: Let H be a non-empty closed convex subset of a Banach space X and T: X —
X be a Suzuki generalized non-expansive mapping with F(T) # @. Let {x,} n—obe the

sequence of defined by the iterative scheme (1.6) with real sequences {@,}n=o »
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{Brn} meo) {Vn} n=o in [0, 1] satisfying Y7, ¥n = . Then lim || x,, — q || exists for all
n—->oo

q € F(T).

Proof: Let g € F(T). Now the convexity of H we have, (1 — y,,)x, + ¥.Tx, € H for all

n € N. Since T is Suzuki generalized non-expansive mapping so we can write
~ g —Tq =0 <l q— ((1 = ¥)xn +vaT2) I
which implies that
I Tq — T((1 = ¥)xn + ¥uTxn) 1< 11 g — (1 — ) %0 + ¥uTxp) |
Now from the iterative process (1.6) we have
Iz —q =0T = Buxn + BuTxn) —Tq ll
< (= Bxn + BnTxn) —q i
SA-B)lxp—qll+By I Txy, —q
SA=-B)lxn—qll+p 1 Xy —q
<l x,—qll (2.5)
Now
Iyn =q I=1T((1 = ap)z, + nTz,) =Tq ll
<Il1-ay)z, +a,Tz, —qll
<A-a)llzy,—qll +a, 1Tz, —qll
<A-a)llzy—qll +a,llz,—qll
<lz,—ql (2.6)

<lx,—qll 2.7)
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Again using (1.6), (2.5) and (2.7),

I %ner = q 1= 1T =y )Tz + v2Tyn) —Tq
I =y)Tzn +¥uTyn —q
SA-vI)ITzp—ql+vu I Ty, —q

SA-v)lzp—ql+vlly,—ql
SA=-v)lxy,—qll+yllx,—ql
<l x,—qll
Hence {ll x, —q I} is bounded and non-increasing for all g € F(T). Hence

lim || x, — q |l exists for all ¢ € F(T).
n—->oo

Theorem 2.4: Let H be a non-empty closed convex subset of a Banach space X and T: X —
X be a Suzuki generalized non-expansive mapping. Let {x,,} ,—obe the sequence of defined
by the iterative scheme (1.6) with real sequences {@,} n=0> {fn} n=o» {¥n} neo in [0, 1]

satisfying Y, o—o¥n = . Then F(T) # @ if and only if {x,,} ,—, is bounded and lim ||
n—->oo

Tx, —x, I=0.

Proof: First suppose that F(T) #@ . Let q € F(T). Then by lemma (2.4),
lim || x,, — q |l exists for all ¢ € F(T) and {x,,} ;=0 is a bounded sequence.

n—->oo

Let lim || x,, — q ll= 6 for some 6 > 0. Now from (2.5) we have
n—->oo

limsup | z, —q I< lim sup | x, —q = 6

n—->oo n—>oo
By proposition (1.4), we have

limsup | Tx, —q II< lim sup | x, —qll= 0

n—-oco n—->oo
Now using (1.6) and (2.5) we have
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I %41 = q 1= 1 T((A = v)Tzy + ¥ Ty) —Tq ll
S A =y)Tzp + ¥aTyn —q
SA-v)ITzp =gl +vu I Tyn—q
SA=-v)lzg=ql+yallyn—qll
SA-vdlza—ql+yllza—ql
<lz,—ql
Which implies that || x,,1 —q I< |l z, — q |l and hence
0 < lir{r_1>io£1f |z, —ql
Therefore we can write

6 < liminf || z, —q II< limsup |l z, —q lI< O
n-—o n-oo

Thus we obtain rlll_r)go lz,—qll= 6.

Now

6= lim I T((1 = Bn)xn + BnTxn) —q |
< lim Il (1= B + BuT % — 4 |
< Iim [(1 = o) Ixy = q I 4B Il Tx, — q ]
<Iim A= B) oty =gl +B lxa —q |
sr{ggo Il x, —qll< 6.

Hence we can write

o @eces 10

© 2025 Published by Modern Dynamics. This is a Gold Open Access article distributed under the terms of the Creative Commons
License [CC BY NC 4.0] and is available on http://mathematics.moderndynamics.in



http://mathematics.moderndynamics.in/

Modern Dynamics: Mathematical Progressions
Vol. 2 | Issue 2 | Apr-Jun 2025 | Peer Reviewed & Refereed Journal | ISSN: 3048-6661

0 < lim || (1= fn)(xn = q) + Bn(Txn -q) I 6.
Thus Tlll_r)rolo I (1= B)(xn — q) + Bu(Txy - q) II= 6.
Using lemma (1.6) and the above calculations we have lim || Tx,, — x,, l= 0.
n—o0o

Conversely let {x,,} o is bounded and lim || Tx, — x,, lI= 0. Let ¢ € A(H, {x,,}). Now
n—->0oo

by lemma 1.5, we have

r(Tq,{x,}) = limsup |l x, — Tq |l

n—->oo

< limsup3 Il Tx, —x, I +ll x,, — q 1)

n—-oo

< limsup(ll x, —q )

n—-oo

which implies that Tq € A(H, {x,,}). Since X is uniformly convex Banach space. It follows
that A(H, {x,}) is singleton. Hence Tq = q implies that ¢ € F(T) and hence F(T) # Q.
This completes the proof.

Bhutia and Tiwari [5] claimed by giving example that their J-iteration scheme has
much better rate of convergence than M-iteration, M*-iteration, K-Iteration and
K*-iteration. We now compare the rate of convergence of our iterative scheme with

J-iteration scheme by considering the example of Bhutia and Tiwari [5].

1
Example 2.3: Consider the mappingT (x) = (x + 2)z. Clearly T is a contraction mapping

and {0} meo0> {Pn} meor {¥n} n=o be the sequence defined by a, = B, =y, = X for all

T4

n €N.
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Iteration J-Iteration Iteration (1.6)
0 4 4
1 2.0182876356079 2.01797953158
2 2.0001883967869 2.00018255043
4 2.0000000200447 2.00000001887
5 2.0000000002067 2.00000000019
6 2.0000000000021 2
7 2.0000000000002 2
8 2 2

Table 2.1

Table 2.1, clearly indicate that the iterative scheme (1.6) has higher rate of convergence

than the J-iteration process.
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